In effective single-electron theories, self-interaction manifests itself through the unphysical dependence of the energy of an electronic state as a function of its occupation, which results in important deviations from the ideal Koopmans trend and strongly affects the accuracy of electronic-structure predictions. Here, we study the non-Koopmans behavior of local and semilocal density-functional theory (DFT) total energy methods as a means to quantify and to correct self-interaction errors. We introduce a non-Koopmans self-interaction correction that generalizes the Perdew-Zunger scheme, and demonstrate its considerably improved performance in correcting the deficiencies of DFT approximations for self-interaction problems of fundamental and practical relevance.
Because density-functional theory (DFT) accounts for correlated electron interactions via an explicit functional E xc of the total density ρ, it provides a computational scheme that is far more predictive and practical than the Hartree-Fock (HF) method for determining the BornOppenheimer energy of quantum systems [1] . In spite of the proven accuracy of local and semilocal DFT total energy calculations, it has long been recognized that the eigenvalues ǫ iα of the Kohn-Sham Hamiltonian, which are defined in the strictest sense as the Lagrange multipliers associated to the orthonormality constraint in the self-consistent energy minimization, have limited physical relevance [2] . Indeed, due to the fact that Koopmans' theorem does not hold for approximate DFT functionals, the Kohn-Sham single-electron energies are not related to any physical ionization process, at variance with their HF counterparts that can be directly identified as the opposite electron removal energies −∆E (0) iα of the unrelaxed electronic system (i.e., without self-consistent modification of the electronic wavefunctions). Following the seminal work of Perdew and Zunger [3] , one can accurately quantify Kohn-Sham deviations from the ideal Koopmans behavior by defining non-Koopmans energy contributions Π iα = ǫ iα + ∆E (0) iα (this heuristic definition will be made explicit later in the course of our discussion).
As pointed out by Perdew and Zunger, for any selfinteraction-free single-electron theory, the Koopmans condition
is rigorously satisfied (in particular, the HF functional verifies Π HF iα =0 precisely because of the cancelation of the Hartree and exchange self-energy terms) [3] . This non-self-interaction criterion establishes a central and exact correspondence between the non-Koopmans behavior of a given energy functional and self-interaction errors, which favor electronic delocalization and considerably affect the accuracy of local and semilocal Kohn-Sham calculations. Indeed, self-interaction is responsible for wellknown quantitative and qualitative failures of conventional DFT functionals in describing important phenomena, such as electron transfer [4] , electronic transport [5] , and electrical polarization in extended systems [6] . In this work, we examine the cancelation of the nonKoopmans terms Π iα that results from the PerdewZunger self-interaction correction (PZ-SIC) and show that the non-self-interaction condition (Eq. 1) is satisfied to second order in the single-electron densities. In order to achieve a higher level of accuracy, we introduce an alternative non-Koopmans self-interaction correction (NK-SIC). We validate our method by studying the dissociation of H + 2 and H 2 molecules, and compare its performance to that of the original PZ-SIC approach in describing the longitudinal electrical response of dimerized hydrogen chains, a complex self-interaction problem that has received much attention for its fundamental relevance in molecular optoelectronics [6, 7, 8, 9, 10] .
As a prelude to studying self-interaction in manyelectron systems, we analyze the non-Koopmans behavior of the local spin density (LSD) functional in the simplest case of the H → H + ionization (Fig. 1) . The dependencies of the relaxed energy E LSD and unrelaxed energy E LSD,(0) as a function of the fractional occupation f of the LSD 1s state are depicted and compared to HF in Fig. 1 (in these calculations, we use the standard generalization of the HF theory to fractional occupations). The derivatives of the LSD energies, which correspond to the relaxed and unrelaxed single-electron energies ǫ LSD and ǫ LSD,(0) (Janak's theorem), are also shown. Since, for this one-electron system, the relaxation contribution
is exactly equal to its unrelaxed counterpart ∆E LSD,(0) . Note however that the small relaxation energy Σ LSD remains strictly negative in the transition state region at variance with HF, for which no relaxation occurs. Although LSD predicts the energy of the hydrogen atom to be −0.94 Ry in agreement with the exact HF result of −1 Ry, the LSD energy departs significantly from the linear Koopmans behavior due to unphysical self-interaction: the slopes ǫ LSD and ǫ LSD,(0) are largely underestimated close to f = 0, reflecting the predominance of the negative O(f 4/3 ) exchange-correlation contribution, while they are overestimated around f = 1 due to the positive O(f 2 ) Hartree term. Despite these notable nonKoopmans deviations, we observe that the LSD energies approach the expected Koopmans behavior at f = 0 (i.e., ǫ LSD,(0) ≈ ǫ LSD → ǫ HF = −1 Ry). As an important consequence, the non-Koopmans contribution to the unrelaxed ionization energy must be defined by reference to the single-electron energy of the empty state:
. Extending these observations to many-electron systems with fractional occupations and making use of Slater's theorem [3] , the non-Koopmans self-interaction energies can be rewritten as
where ǫ
iα (λ) denotes the effective energy of the orbital ψ iα with occupation λ in the unrelaxed transition state. Note that in the absence of self-interaction, the unrelaxed single-electron energies satisfy dǫ We are now in a position to evaluate the nonKoopmans energy cancelation resulting from PZ-SIC, which consists of subtracting single-electron Hartree and exchange-correlation contributions to the Kohn-Sham functional E KS . Explicitly, the Perdew-Zunger functional and orbital-dependent Hamiltonian are defined as
where ρ iα = f iα |ψ iα | 2 denotes single-electron densities, v H = δE H /δρ is the electrostatic Hartree potential, and v xc,α = δE xc /δρ α stands for the exchange-correction potential. Rewriting the non-Koopmans energies (Eq. 2) in terms of the corrected Hamiltonian (Eq. 4) and expanding each energy contribution in terms of the variables ρ iα at the self-interaction-free empty-state density ρ iα = (ρ α − ρ iα , ρ α ) (with α opposite to α), we obtain:
where
denotes the nth-order functional derivative of E xc [ρ] . As a result, PZ-SIC cancels self-interaction contributions up to the second order in the single-electron densities, which considerably ameliorates the precision of calculated ionization energies and related properties [3, 11] but tends to sensibly overestimate self-interaction errors for many-electron systems [12, 13, 14] .
A more accurate self-interaction cancelation can be obtained by modifying the expression of the corrective terms in Eq. 3. In fact, due to the direct correspondence between non-Koopmans contributions and selfinteraction errors, it is legitimate to identify the orbital self-interaction correction as the single-electron nonKoopmans energy Π KS iα . The resulting NK-SIC energy reads E NK = E KS + iα Π KS iα and variation with respect to the single-electron density ρ iα yields the orbitaldependent Hamiltonian
where v is the external potential and w xc,iα is defined as
Substituting Eqs. 6 and 7 in the expression of the nonKoopmans energies (Eq. 2), we obtain the following estimate for the self-interaction contributions:
xc,ααββ ([ρ jβ ]; r 1 , r 2 , r 3 , r 4 )
(note that only the term w xc,iα contributes to selfinteraction). Consequently, our modification of the PZ-SIC functional brings about an additional factor of precision in the cancelation of spurious electronic interactions. The improved accuracy of the NK-SIC scheme in comparison to PZ-SIC will be shown below.
At this point, one may observe that an exact cancelation of the non-Koopmans self-interaction contributions is obtained by defining the orbital-dependent Hamil-
. Nevertheless, such a scheme does not derive from the minimization of any physical energy, as this would lead to the following variational inconsistency:
∂ρ jβ ∂ρiα . The NK-SIC Hamiltonian (Eq. 6), which includes the additional term w xc,iα = O( jβ =iα ρ 2 jβ ) for variationality, provides a close physical approximation to this exact correction.
The implementation of the NK-SIC method requires computing the kernel of the local or semilocal exchangecorrelation energy f (2) xc . This calculation is performed using the scheme proposed by Dal Corso and de Gironcoli in the context of phonon-dispersion computations [15] . Moreover, the determination of the NK-SIC terms necessitates calculating the Hartree self-interaction energy E H [ρ iα ] and potential v H [ρ iα ], which entails treating a system with a net electrical charge. To eliminate periodic-image errors in the plane-wave evaluation of E H [ρ iα ] and v H [ρ iα ], we employ countercharge correction methods [16] . Since the determination of f (2) xc and the periodic-image corrections are relatively inexpensive, the computational burden of NK-SIC computations is comparable to that of conventional PZ-SIC calculations.
We first study the dissociation of the H + 2 molecular ion. The LSD and NK-SIC(LSD) energies are compared to the exact Born-Oppenheimer potential energy curve in Fig. 2 . We observe that the LSD energies of this oneelectron system are largely overestimated by as much as 0.1 Ry in the vicinity of the equilibrium bond length due to self-interaction errors, at variance with the NK-SIC energies, which are in close concordance with the exact results. Moreover, in the infinite separation limit, the NK-SIC electronic ground state is correctly predicted to be degenerate (with an energy of −1 Ry) with respect to the effective occupations n 1 and n 2 = 1 − n 1 of the two hydrogen sites, at variance with LSD, which yields a nondegenerate and delocalized split-electron state (n 1 = n 2 = 1/2) of lower energy.
As a second self-interaction paradigm, we examine the dissociation of H 2 in the uncorrelated limit. The dependencies of the unrestricted Hartree-Fock (UHF), uncorrelated NK-SIC(LSD), and uncorrelated LSD BornOppenheimer energies as a function of the intramolecular distance are depicted in Fig. 3 . Similarly to the H + 2 case, we observe that LSD overestimates the total energy of the system, in contrast to NK-SIC, which brings the potential energy curve in close accordance with the self-interaction-free result. Furthermore, the analysis of the spin occupations n iα of the hydrogen sites at large atomic separation reveals that both the NK-SIC and LSD methods predict a two-fold degenerate ground state, in which each electron is localized at one site (n 1↑ = n 2↓ = 1 or n 1↓ = n 2↑ = 1). However, this transition occurs for distinct reasons in the two cases: while electronic localization is driven by the reduction of the interelectronic Hartree energy for NK-SIC, it is the enhancement of unphysical self-exchange that leads to localization for LSD. This fact explains salient differences in the asymptotic behaviors of the LSD and NK-SIC energies.
Having validated the NK-SIC method for archetypical one-and two-electron problems (for which PZ-SIC would also be exact), we turn to the difficult case of the electrical response of extended hydrogen chains, which are frequently employed as model systems in molecular optoelectronics and represent a critical test in assessing the predictive performance of electronic-structure methods [17] . We consider a linear chain geometry characterized by alternating H-H distances of 2 and 3 bohr, as reported in the literature [20] . The LSD and NK-SIC longitudinal polarizabilities α N of the hydrogen chain as a function of the number of H 2 units are compared with HF, fourthorder Møller-Plesset perturbation theory (MP4), coupled cluster [CCSD(T)], and PZ-SIC predictions in Table I . We observe that the computed polarizabilities follow an increasing and progressively linear trend as a function of the number of hydrogen dimers. In spite of these similarities, we note that LSD dramatically overestimates the electrical response of the system. The Perdew-Zunger correction sensibly improves the accuracy of LSD results, reducing the mean absolute error from ∆α LSD = 39.9 to ∆α PZ = 13.9 a.u. relative to CCSD(T) polarizabilities (which we choose as our standard of accuracy). Despite this notable amelioration, the performance of the PZ-SIC scheme remains inferior to that of self-interaction-free HF (∆α HF = 8.0 a.u.). This should be contrasted to NK-SIC predictions, which are found to be much more accurate than their HF counterparts with a precision comparable to the mean absolute difference between post-HartreeFock CCSD(T) and MP4 calculations (∆α NK = 2.1 a.u.). These findings confirm the self-interaction origin of the overestimated polarizabilities within LSD and provide a clear illustration of the superior predictive ability of the NK-SIC method for complex self-interaction problems.
As a final note, it is important to mention that several successful refinements of the PZ-SIC method have been proposed in the literature [12, 13] . One limitation of such approaches is that they require to scale down the Hartree self-energy although this corrective term is in principle exact (as a result of the linearity of v H [ρ]). The NK-SIC method represents a parameter-free alternative to semi-empirical downscaling procedures.
In conclusion, we have revisited self-interaction in light of the Koopmans condition (Eq. 1) and introduced a non-Koopmans correction (NK-SIC), which provides a more accurate cancelation of self-interaction contributions in comparison to PZ-SIC. In order to validate the NK-SIC method, we have studied the dissociation of H + 2 and H 2 , finding excellent agreement with exact and selfinteraction-free calculations. Finally, we have demonstrated the much improved performance of the NK-SIC scheme in describing the electrical response of hydrogen chains, which represents a stringent and technologically relevant benchmark for electronic-structure methods.
